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IX. On the General Refolution of Algebraical Equations, 
by Edward Waring, AT. D. F. R. S. and of the Injlitute 
of Bononia, Lucajian Profejfor of Mathematics in the 
Univerjity of Cambridge. 

Read Jan. 28, 1779- 

I N the year 17 5 7 I Tent fome papers to the Royal So¬ 
ciety, which papers were printed in the year 1759, 
and copies of them delivered to feveral perfons; thefe 
papers fomewhat corrected, with the addition of a fe- 
cond part on the properties of curve lines, were pub¬ 
lifhed in the year 1762. In the years 1767, 1768 
and 1769 I printed, and publifhed in the beginning of 
the year 1770, the fame papers with additions and e- 
mendations under the title of Meditationes Algebraicae. 
In thefe papers were contained, with many other inven¬ 
tions, the moft general refolution of algebraical equa¬ 
tions known, as it contains the refolution of every al¬ 
gebraical equation, of which the general refolution has 
been given, viz. the refolution of quadratic, cubic and 
biquadratic, the refolution of Mr. de moivre’s and Mr. 
berout’s (fince publifhed) equations; it difcovers the 

refolution 
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refolution of an equation of n dimenfions, of which 
the n roots are given, and alfo deduces innumerable e- 
quations of n dimenfions, which contain n — 1 indepen¬ 
dent coefficients. From whence it feems probable, that 
this new method of mine may contain the moft general 
refolution of algebraical equations that ever has, or, 
perhaps, ever will be invented. 

The general refolution is x — a-Vp + bP/p 1 + c\/p 3 + 
d*yp*....+r\yp”~ 3 +S\/p'’~''+tiyp K ~'+^; if the equation 

he x”— ax”~~' + By - *- cx n ~ 3 + da :" -4 - See. = o. 

I ffiall add the refolution of fome particular equa¬ 
tions from this method, and then fubjoin the equation 
to which x = a-Pp + bpp 1 + epp 1 + Sec. is the general re¬ 
folution. 

1. Let the refolution be x~app+bpp z , and the cor- 
refpondent equation free from radicals will be found 
x 3 — 3 abpx—cPp—fip* = o. Let x 3 -vx- qj= o be a cubic 
equation whofe refolution is required, which fuppofe the 
fame as the equation found above, and confequently their 
correfpondent terms equal, i. e. v = 3 abp and q_= a 3 p + 
b 3 p z y whence P~~pp which value being fubftituted for 

Va z 

p in the fecond equation, there refults Qj=jy + In 

this equation for a or b may be affumed unity, or any 

other 
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other quantity whatever, and there, will refultan equa¬ 
tion of the formula of a quadratic from which the other 
b ox a may be found, whence from the equation (p = 
~) p may be deduced, and confequently the refolution 
of the cubic required. 

In the fame manner for p may be affumed any quan¬ 
tity whatever, and in the equation q_= a % p + b*p z for b 
fubftitute its value —or for a its value 4-, and there 

3 «P W 

refult the equations qj= a>p + and q_= + £ 3 />% 

which have the formula of a quadratic, from which 
may be deduced the refolution of the cubic required. 

a. Let the refolution afiumed be x = a Vp + b yp + 
c-yp 1 ; exterminate the irrational quantities, and there 
refults the equation a? 4 - ( ib z + 4 ac ) px z - 4 (a z bp+bc z p z ) x- 
atp +b*p z -c*p l +za z c z p z —/±ab z cp z =o ; fuppofe p — 1, and 
the given equation x*+qx z -rx+s= o., let the correfpon- 
dent terms of the given and refulting equations be re- 
fpedlively made equal to each other, and there refult 
the three equations %b z + 4 ac - -q, 4 b (a z + c z ) = r, and 
a*-b*+c*~2a z c z +4.ab z c=-s; reduce thefe equations in¬ 
to one, fo that the unknown quantities a and c may be 
exterminated, and there refults the equation 4b 6 + nqb* 

b z - r —-o of the formula of a.cuhic, from which 

the 
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the unknown quantity b may be found, which being 
fubftituted for its value (b) in the preceding equations, 
from the equations thence enfuing may be found the 
unknown quantities a and c, and confequently the re- 
folution of the given biquadratic x 4 +qx*-rx+s=o> 
From the fame principles can be deduced different re* 
folutions of the above-mentioned biquadratic x 4 +qx*-~ 


rx+SsQ. 

3, I. Let x-aiyp + bi/p\ then will the equation 


free from radicals be X ia — i^px* 


n X n z — >i 
I.2. 3 *4 


x 2 nb n - t a 4 px — 1 


» X a" — |X«‘- 4. 
i.j.3.4.5.6 


Mb* l a z px n 1 - 
mb n ~ l a < ’px t, ~ l - 


. 1 a L z K .-.2 X mb n - 4 a % px n ~ 4 

1.2.3.4.5.6.7.S 


n. n x — 1 X «* — 4 X« 2 —9 . u * — I6*..* 1 — n ^2 
l, 2.3.4.5.6.7... ,2#~ 2 


x Ma™~ i bpx-a"p-b*p 1 , 


This equation may be deduced from the following 
principles. Let a, /S, y, J 1 , s, 8cc. be the a# roots of 
the equation s 4 "- 1 = o, then (by Prop. xxm. of my 
Meditat. Algebraic®) the equation free from radicals will 
be the produdt of the following quantities {x-a&iyp- 


btfVf) (x - a/Sifp- bfrtyp) (x -ayVp- by'Vp) (x - 
aWp- bt'-iyp) (x-azVp-b^f ) 8 cc. = 0 : multiply 
thefe quantities into each other, and from the refulting 
product, by Prob. III. of the Meditat. Algebr. eafily can 
Vol. LXIX. N be 
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be deduced the equation free from radicals which was 
to be found. 


in -fi in- f-i 

3. II. Let x-^aVp+bV />% then will the correlpondent 
equation free from radicals be x in+, -%n+ ib n apx n ~ 


tt*—t n X ft 1 — 1 X n -f 2 


X 2«+I? 'cfipX” 1 - j 


n Xn z -~ 1 X sr* — 4 X /z 4 - 3 

1.2.3.4.56.7 ' 


2 3 - 4 -S 


x 2# +' i b n ~ i a>px”’ 


xin+xb” % a’px' 


3 __ — 4 .«* — 9 -» + 4 

I. 2 . 3 . 4 . 5 . 6 . 7 . 8.9 


a«+ T b n -*a<pXr -*~., ■ «>—4-«*~ 9-^~ «*••• »*- - 2 * X 2 g -i ^ 

i. 2 . 3 . 4 . 5 , 6 . 7 . 8 . 9 ,.,^ 2 «—1 

2«+1 ba ±n ~ 'px=a™ +, p+b zn * 'p T . 

This may be derived from the fame principles as the 
preceding. 


3. III. In general let the equation be x=ayp+bZ / p% 
then will the equation free from radicals become x m — 
ma m ~ l bpx - m. a^b'px* - m.’Xt ,wi a m - l ‘b z px*'- 

m. ==i. ^- 7 d*- % Ppx*- m.^^^^a’*-'°bspx 6 

-See . = a m p & b m p*; if m denotes an even number, it 
will be - b m p l , but if an odd number, it will be +b*'p ! ‘. 

4, I, Let n denote an odd number, and x-af/p + 

bVp\ then will x n —p (_na n ~ l bx* + nXXL £l'~ b b 1 x‘ r + n. ’izl- 

2 * 

”^l a n - 9 bW + n . n ^ n —?—a”-''b*x* +n.”-Xl.XX.”-Zll. 
3 2 3 4 2 3 4 


n -zl+a*~'Wx" +n. 


5 
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+-&Q.) ±i>* f m-t- 

2 3 4 $ 0 7 y .^ 

-1 * cfTb^x 9 + i x Z 2 i,!z 2 l 

a a 3 2+ * 3 4 5 

£±ii *±J - 1 «_•«.«_»» «-.* «’-tt «_»•» «_»«:-!=£»'.!iT - 


■L-ii/iiS , j ; »*~q «— 11 » —13 «—15 *—17 »—10 7 , 

a * b * # s —jxa.— --—2——*•--£•-—^ > x 7 + 

* 3 3 456 7 

-7 X .--•-i- < 7~~-- 5 —* tf • * b t X 9 - 

* 2 3 4 j 6 7 8 9 

&c.) = a"p+b"p 9 . 

The quantity denotes +p* i£ Lp is a whole num¬ 
ber, otherwife - p\ 

4. II. Let n denote an even number, and x as before 
= a<yp+b\/p\ then will xf , —p{na i ‘~ 9 bx 1 +nX~-a”~ (, b r x 9 
+ »JLlL£=±jr*#tf a'~“b*x* + x. n -^. 

2 3 2 3 4 2 

Wx?*+~Scc.) * - 


1 . »-8 »-ro .!L-I5,?±4 - 1 «-8 «-io #-12 »-i 4 ' 

-~x/Z—- # a & * X? + -7 X tl* -•--- - - 


2 3 4 


2 3 4 5 


a 1 « —10 12 w—1 4 «—16 «—i8 »~ii6 »—2* 

—r-a 2 If Z X x ---*----T—- •—5— 

6 2 2 3 4 5 6 7 8 

»—*4 »+8 j«_ 

# 2 # 8 4* &x«) ~a fi p+b n p i ^<ia t b*p l . 

,* n. 

The quantities */>* and ± ia l b 1 p l denote +/>% and 
+ 2ci7b^p% if — 4s a whole number* otherwife they 

4 

,V« A 

denote -/>* and - ia~b~p 2 refpedtively. 

5 . I. Let x~a\/p+b \/p n ~\) and n an odd number. 
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then will at’ - nabpx’- % + n.-A a'byx”-* - n^rtlrl. 

aWp i x’- 6 +n:~A n -^y‘~ L a'byx ”-*- 8tc.=ay>+ tfp n ~\ 

5. II. Let x^-a</p + bZ/p n ~ l y and n an even number, 
then will x” — nabpx .*~ 2,: +. n, n -~ a % b l p x x v ~ A ' — n. Iri. 
n JZ±aWp*x n -* + n, n -=l. n r±. lrlalbyx n ~ % - &c. = a”p « 

n n n n n n 

%d'b~p* +b”pf^ t ; it will be + 20*b i p i if n-^r + 2; 

n n n 

but - 2 a*b*p* if n — 4n. 

6. I. Let x = a-Vp+byp n ~\ and n an odd number* 


which has not the number $ for a divifor, then will 
a f-na'bpx*-' + tt..^a*byx ”- 6 - a.~& n -Z 2 a 6 byx*-> + 
n . 2z5“. !z.*A 2z” a *byx~- 11 -n.tzli. Izll, ”—11, lr.il 
a' 0 byx n ~ n + n. ~ 3 . -A.lril.lrJ^, n rAl a^p 6 ^- 6 - &e. 
(to 02 terms, where 02 is the number either equal to, or 
the leaft greater than—) - ab * p~T (nx~ +in> n ~* n ~ 

. n JZl 1 a —7 a—- o a—n a-^it . 1 a —o 

* + ? n. -y. ~f. —. * + ? x «. _5. 


a—ii a—13 a—15 a—17 8—19 ^ - , 1 A ^ a —11 a—13 a —itf 

-- -i.--Z a + -j X //•. . - ■ «-i 

3 4 5 6 7 * *- ■ 3 4 • 


3 4 

« 42. L-ii. ~ii cfbyirr + &c.) = a = <^+ 

Let a be an odd number divifible by 3, then will the 

above- 
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above-mentioned quantity = x=a”p+b n p n ~* + ^alb~pj ~ 1 + 

ft* » * 

SaJbipj* 

6* H. Let n be an even number, not divifible by 3, 
then will x* - na l bpx n ~ i + n. Lli a*b l p*x *~ 6 - n. 

a 6 tyx*-* + ftj—'— 1 --—— a s b*p*x *~' 1 - 

^11 a to b s p s x"- ,s +n /W/-' _ 

s ^ a 3 4 5 6 


&c. to m terms as before — b* p * (aar* + ~n. 


a*bpx~. 


,+ 7> *n.- 


• aWp*x~* 


X ». 


»-~8 io # 
“1 


'JL.±zJ±.*-*a 6 byx7- 9 +'-s* ft. 

4 5 6 ^ f 7 * 3 4 5 6 

* _ 10< 4# —-11 * 

~y—g - a*b*p*xJ~ “ + 8cc.) = K-efp-Vp^. 

Let « be an even number, divilible by 5, then will 

in n n 

the above-mentioned quantity K~cCp-b n p n ~ l -$alb 3pi +r 

n xu in 

3 & ibipi~ x i 

in all the preceding cafes n, *0 and r denote whole af¬ 
firmative numbers. 

Thefe equations maybe deduced in the fame manner 
as is before given in Cafe 3. 1 ; or can be demonftrated 
by writing in the equation free from radicals for the dif¬ 
ferent powers of a? their values deduced from the given 

equation $~a\fp+b\(p% 


To 
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To render the folution general, it may not be impro¬ 
per to fubjoin the fubfequent. 

LEMMA. 

i . Let oi, $, 7, £,£, 82c. be the refpective roots of the 
equation z”- 1 = o ; then will #“+/$*’+ 7“+ 8 ™+ g* + 82c. = o, 
unlefs n=m, or n is adivifor of m, in which cafe a“+ 
{ 5 m +y’ h +$* , +£”’ + 82c.■=». 

a. The fum of all quantities of the following kind 

4 r +{tf+«Y+«V”+^y+^ B + U m $ r + 82c. will be 

— o; unlefs n be either equal to, or a divifor of m +r, 

in which cafe the fum above-mentioned will be = — n ; 

except n be either equal to m or r, or a divifor of them, 

in which cafe the fum will be n*-n ; but if m~r, then 

in the former cafe will the above-mentioned fum =—-» 

2 

and in the latter -a: n —^ 

2 

3. The funvof all quantities of this kind of. m ^ r y s ^‘ 82c. + 
cffiyF 82c. + d m ( 3 r yW Scc, + QtTfiyS 1 82c. + 82c. will be 
= 0, unlefs « be either equal to r+m+s+t 82c. or a di¬ 
vifor of it. 

Let 7r be the number of indices m, r, s, t, 82c. and 
-n be either equal to m+r+\s+t + 82c. or a divifor of it, 
hut n be neither equal to, nor a divifor of the fum of 
•any two, three, four,... 7 T—3, n— 2 or 71— 1 of the above- 

mentioned 
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mentioned quantities; then will the fum above-men¬ 
tioned = ti.2 3 . 4 .. 4 - 2 .j-i x n ; where it will be +, 
if jr be an odd number; otherwife 

In this cafe; if a indices be m, b indices be r, c in¬ 
dices be s y d indices be /, See. then will the above-men¬ 


tioned fum 


1.2 


i.2r$.,ax i.2.$..bx 1.2.3..CX i,2.$,.dx &c. 


xn. 


Let n be either equal to, or a divifor of the fum of 
any number g (lefs than n) of the above-mentioned quan¬ 
tities -m, r, s, t, See. and confequently either equal to, or 
a divifor of the fum of the (?r—remaining quantities: 
find the fum of all poffible quantities of this kind 

1.2.3..£-2 x ^— 1 x i.2»3..7r-£-2 x,n—g—x x-n'f. which, 
fum call a. 

Let « be either equal to, or a divifor of the fum of 
any number (<r) of the above-mentioned quantities nt,. 
r, s, t, Sec ; and alfo equal to, or a divifor of the fum; 
of Jthy number (g) of the remaining quantities, Mid 
confequently it will be either equal to; or a divifor of,, 
the fum of the (n-g-o) remaining quantities; then 
find, the fum of all poffible quantities of' this fort 

I.2 3..CT— 2 X (7— I x 1 . 2 .3• — 2.X j > — I X 1*2.3../T—£ — a — 2 

xjr-^-cr-i x « 3 , which fum call b. 

In the fame manner let /z be either equal to, or.a dii- 
vifor of the fum of any number (t) of the above-men^- 

tionedl 
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tioned quantities m t r, s, t, 8 cc ; and fimilarly let n be 
either equal to, or a divifor of the fum of any number 
(</) of the remaining quantities; and alfo let n be either 
equaji to, or a divifor of the fum of any number (/) of 
the remaining quantities; then will h be either equal to, 
■or a divifor of the fum of the (z— t —<j remaining 
quantities: find the fum of all quantities of this fort 
1.2.3..T — a x r~ 1 x t .4.3. ..a — 2x/-i x 1.2.3.. s"~ 2 x 
f—x x 1.12.3..w—T—a—x« 4 , which 
fum call c; and fo on; then will the above-mentioned 
fum <*r$y¥ &;c. + cffyF &c. + <osy< 3 " &c. + offiy? 
■&C. + 8cc. = ^(i.2.3..7T-2xT-I xn-A +B-C + D-- &c.) 
where it will be + if z be an odd number, otherwife -. 

In this cafe, if a indices be tn , b indices be r, c in¬ 
dices be s,d indices be t, See. then will the above-men¬ 
tioned fum = ^ ^ x ^- i '-A+a-c t p-.hc. 

I,2,3„«XI.2,3Jx 1.2.3..CX 1.2.3.,</x&c. 

7. Let«, jS, y, cT, f, &c. be the roots of the equation 
z n -1 = 6, and the refolution be x-aVp+b t/p 1 +c Vp *+ 
dyp.....+bVp\..+kV]r....+ i yp\.. + 
a- s \Zp*~ A + tVf- 1 +v-yp n ~ l +U\/p n ~'; then will the dif¬ 
ferent values of a: be refpedlively aypxa.+byp'xof + 

t-Vp* x x i +d\/p A x a 4 .... +b\/p x x a*... + k^p* x .+• 

j x a* -4 +tVp n - 1 * <t*“ 3 +<u x 
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■aftpx $+bftpx ft + cftf x ft + dftp* x ft... +bftf : x 
ft... + kftpr x ft .+ sftp*—*x ft~* + tVf^xft-'* 

•oftf ^ 2 X ft- 1 + uftf^ X ft- 1 ; 

aftpxy+bftp 2 x y 2 + cftp l x y i + dftp* x y 4 ... +h ftp' x 

y K ...+kftpr x y 1 * .+ sftpT~* x y”~* +* tftf-’ x y "- 3 + 

vftf ~ 2 x y n ~ l +uftp~ l x y n ~'; 

aftp x $+bftp 2 x S 2 +cftp i x $ i +dftp*x$\.,+bftp x x$*... 

+bftprxft. . +sftf‘-*x$”-* +tftp n ~ 3 xft-* + vftp H ~ 2 x 

$*-*+uftf = 'x 

8 cc. 8cc. 8 cc. See. 

and confequently the film of the values or roots, which 
is the coefficient of the fecond term of the equation 
fought, will be a ftp xa + /6 + y + < 5 '+ See. (0) + bftp 2 x 
a. 2 +ft+y 2 +S 2 + Sec. ( 0 ) +cftp x x 3 +ft+y*+P +• 8cc. (0) +.... 
+vftf =2 x cf-'+ft- 2 +y n - 1 +8”- 1 + See. (0) +uftf =T x 
<x?- t +ft-'+y tt -'+$ n - 1 + 8cc. (0) = o. 

The fum of the produdls of every two of the values 
or roots, which is the coefficient of the third term of 
the equation fought, will he a 2 ftp 2 x x [3 + oty+fly+ a$ + 
ft+ y$+ See. (0 )+ abftp 3 x aft +/Set 4 + ay 1 + yod + @y 2 + yft + 
ui 2 +(Jet* + 8cc, (0), and in general all the terms will be 
o, unlefs a x uxpxuft—' + /Set” -1 + ay”— 1 +yet* -1 + /Sy" - ‘+ 
Vol. LXIX. O yi 3 
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+«^‘+ fa’-' +@ 2 *-' +( 3 ) 6 — , +yJ w ~ , +Jy— r + &c.(-«) 

+bxvxp* x'p-*+pof- 1 +xy- 1 +foi x - 1 +/3 1 /- 1 +y‘/3~* 

+«^"- 2 + FoiF 1 + pi—* + f % 0—*+&cc. (- n) + ctp x 

a 3 /3"“ 3 +jS 3 «"“ 3 +«y^" 3 + r'a" -3 +iS 3 /~ 3 + y 3 jS"“ 3 +a 3 jS*~ 3 + 

¥eF =3 +^¥ = ' 3 + &c. (- «) + X M*j3F*+iWaF*+ 
#y~ 4 +yV~ 4 /3y~ 4+ y 4 /S*“ 4 +&c. (- «) + 8cG.=-«^(<3r«+ 
bv+ct+ds + 8cc.) 

If n = 2X, then will the coefficient qf b*p be i. e- 

the above-mentioned coefficient will be - np (au+bv+ 
ci+ds+....+ ~b 1 ). 

The fum of the contents of every three of the a- 
bove-mentioned values or roots* which is the coefficient 
of the fourth term of the equation required, will be* 
X ecjgy + a/Sc? + u.y§ + jS y$ + &c. (o) x 

<*j6y 2 + «y/3 2 + jSya 2 + a(3$ 2 + 8cc, (o) +- 8cc. + a*vt/p n x 
*jS/-+ayj6— 2 + J^oF 1 + ajS^ 2 + + 8tc. (l±l) +• 

x ai Sy- 3 +ay 2 j6 8 “ 3 +j6«y- 3 + i 6/a*“ 3 +y« 2 /S 8 - 3 +. 
•yfc z x u ~ l + «j8 2 <? 0—3 &c. ( 1 . 2 . 0 ) + 8ccand in general all 
the terms (unlefs the quantity v^ 8 contained in the 
term have this formula v^*^, or \/p tn -p l ) will be—oj 
iet the general term be denoted by x: 

+ offi’y 1 * + tffiY+ + oC$Y + a^y^+a^d’+Scc. 
firft let x+ja+y neither be equal to # or 2 «, then will the 

term. 
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term above-mentioned = o; if it be .equal to n or 2#, 
then will the term be 1.2 x n x hklp or x.znbklp 1 . 

If two of the three indexes Tv, /a, v be equal to each 
other, then divide the above-mentioned term by 1.2 ; 
if the three indexes be 'equal, i. e. divide it by 

1.2.3 : fiod all quantities of this kind where X+p+v ei¬ 
ther is equal to n or a#, and add all the terra from thence 
derived, and call the fum of them a. 

The fum of the contents of every four of the va¬ 
lues or roots above-mentioned, which is the coefficient 
of the fourth term of the equation required, will be 
+ See. (0) + a i bj/p'> x #/Syd 11 + * 

u( 3 y$ + uFjfyd + Sec. (0) + See: let bk!q\/f +l * +,+lt x 
+ oPfryW ++a x )Sy d*+ cffiyS* + 0? 
offry d* + See. denote a general term; this term will be 
=.o, unlefs x+(x+v+% either — n or 2 n or 3 n ; in which 
cafe the term will be either —1.2.3 nbklqpox —1.2. ^nbklqfp 
or— x.i.^nbklqp 1 ; unlefs Tv+^“V+|—#, when the above- 
mentioned term will be - (1.2.3#—<#*) hklqp*\ in this 
cafe if X-v, and conlequently /a = £, then it will be - 
(i.2.-3«-'i.2«-)- bklqp 1 ; but if Tv:=fx-¥p£=~> then will 

the term be - (1.2.3#- 3# 1 ) bklqp 1 . 

In all thefe cafes, if two of the indexes *, [X, v, ? be 
equal, then muft the term given above be divided by 

O 2 I.*# 
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i.a; if three* by i.a.3; if four, by 1.3.3.45 and* 
laftly if two are equal to each other, and the two re¬ 
maining indexes equal to each other, but not to the for¬ 
mer two, then muft the term aforefaid be divided by 
1 .a.1.a. 

Find the fum of all the pofiible terms of this kind,, 
which call b. 

In the fame manner from the preceding Lemma may 
be found the aggregates of the contents of every five,, 
fix, feven, See. roots or values multiplied into each o- 
ther, which call refpeitively c, d, E, 8cc 5 then will the 
equation required be x ** -np(au+bv+ct+ds+fk c.) a?* - 

AX”- 3 + BA?* -4 - CX”~ S + DA?” -6 - See. = O. 

From the fame principles may be deduced the moft 
general reduction yet known of equations to others of' 
inferior dimenfions, e. g. 

Let (x)a?"+(a + ayp + byp + cyp + ... + s.ypF**- 
typ*-") x*- 1 +( b +dyp + &yj *+... + syf-'+t'ypr^) 
x*- 1 +(c+a"yp+b' / yp 1 +&tc.') x’*~ 3 -r &£c.=a ; let oc, (2, y, 

2 zc. ibe the refpedtive roots of the equation z m — 1=0, 
then, from the principles before given,, may be formed 
the different values of the equation X, which being 
multiplied into each other from the propofitions before- 
mentioned of the Meditationes Algebraicae, may be de¬ 
duced an equation of nm dimenfions free from radicals, 

a whofe 
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whofe root is x, and which contains mn unknown quan¬ 
tities A, a, b,.c r S&c. B^a',b'yC, &c. c, a", b'\ &cp: for 
one, two or more of thefe unknown quantities may be 
affirmed any quantities whatever* and thence may be de¬ 
duced equations of mn dimenfions, which may be re¬ 
duced to equations #%-(a+ atyp+bty'p* +ctyp* + 8cc.) 
» , ~'+&:c.=o of n dimenfions. 

In the fame manner maybe aflumed equations* which 

involve ¥p, Vp%..., Vf~'\ </ci, ^ ^...v'oP'; 
</r, \/t% n/t 3 , 8cc; and from fo reducing 

them as to exterminate the irrational quantities, may of¬ 
ten be derived equations whofe refolutions or reductions 
are known. 

The method' of transforming algebraical equations 
into others, whofe roots bear any affignable algebraical 
(but not exponential) relation to the roots of a given 
algebraical equation firft publifhed by me in the papers 
fent to the Royal Society, and afterwards in the year 
1760 ; and thirdly in my Mifcellanea Analytica; and 
Jaftly in the Meditationes Algebraicae, and fince pubr- 
lifhed by Mr. le grange in the Berlin A6ts, is perhaps 
(as Mr. le grange obferves) more, general than Mr. 
hudde’s, or any transformation yet invented; it.is very 
ufeful in the refolution of numerous problems; and 

ftiEthec 
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further has this peculiar advantage over all other trans¬ 
formations yet invented, that it often eafily difeovers 
fome of the firft terms of the equation required, from 
Which many elegant Theorems may be derived. 

In the works above-mentioned, viz. Mifcell. Analyt. 
Medit. Algeb. 8cc. are given fome problems ferving to 
this transformation,; the firltof which isa feries, which 
from the coefficients of a given algebraical equation 
(x"~px a ~' +qx n ~ 1 -8 cc. = o) finds the fum of any power 
of the roots (viz. «“+/S“+y w 'f $ m + 8cc. where x, 0 , y, <?, 
Sec. denote the root-s of the given equation), the law of 
which feries was publifhed by me many years before 
that it was given by Mr. euler. The third Problem 
often mentioned in this paper is an elegant and ufeful 
feries for finding the fum of quantities of the follow¬ 
ing kind, viz. « m / 3 y<r, &c. +x r i 3 y% scc.+a^yT&c. 
-+ x‘$y r 5 s See. + x m k/ 3 J +. See. 

Mr. euler gave the following refolution, x = + 

t+8cc. where 7r, f, or, t, 8cc. denote the roots 
»of an equation of n-i dimenfions v”~‘ l -pv n ~ :l +qv ”~-*- 
See. =o. It is evident, that in this cafe the equation 
whofe root is x will have n n ~ l dimenfions; for let the 
roots of the equation z n - 1=0 be denoted by «, ( 3 , y, 

See. then will the quantity \Z% have the n following va¬ 
lues 
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hies iSv^Tr, yv'V, ,8cc* and the fame may be affirm¬ 
ed of the quantities v'f, \/<r, v't, 8tc. and confequent- 
ly the quantity x/n+\/g will have nxn different values; 
and in the fame manner the root x=C / 7 :+-y^+-C / cr+^T+ 
may be proved to contain nxnxnxnx See. —n*~ x roots, 
and confequently in this refolution, in equations of fupe- 
rior dimenfions, the number of independent coefficients 
(«—1) will be very few in proportion to the number of 
dimenfions n nr ~' r - or (if we refpe£t its formula). n”~* of 
the refulting equation. 

Let n — 3, and the equation refulting will rife to an 
equation of nine dimenfions,,, which has the formula of 
a cubic; for let x = y% + — a one- root, then will 

.. Zl+y.T? a 8c * / ~ - a be two other of the nine roots, 

and confequently the roots will be x l -a i x<x }, —b % xx l —c i 
= 0, which has the formula of a cubic: and in general 
the above-mentioned equation of n”~ l dimenfions will, 
for the fame reafon, have the formula of an equation 
of n”~ 1 dimenfions. - 

Let the refolution be x — -i/t + +-\/cr -t-v^r + 8tc. 

where t, £, cr, r, 8cc. denote the roots of an*equation 
-fx”— 1 +qx n ~^ - See. = 0 of (ft- 1) dimenfions, ..then 
will the l'efulting equation free from radicals, .whofe 
root is x , rife to a®”’ dimenfions j but as every affirma¬ 
tive 
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tive has a negative root equal to it, it will have the for¬ 
mula of an equation of a**"* dimenfions, 

rXm rXm 

Let the refolution be of this formula x-^fx+s/fi + 

rXm rXm 

if a, j 6 , y, See. be confidered as the r 
power of the roots of an equation of s dimenfions, then 
will the refulting equation, of which the refolution is 
given, rife only to an equation of the formula of 
dimenfions. 

In the year 17621 publifhed fbmereafons, for which 
this method could not extend to the general refolution of 
algebraical equations. 




